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Atmtract~The free rotation in space of flexible polygonal Itructur~ about their axes is studied. 
The large deformation equations are formulated, resulting in a set ¢~ sixth order nonlinear differential 
equations. The governing parameter B repreHats the relative importance of centzlfu~ forces to 
flexural rigidity. Perturbation solutimm are obtained for small B . The equations are aim integrated 
numerically by quasi-Newton and homotopy methods. Forces, moments and mA~ . . . .  deformations 
are determined for polygons of three to six sides and B up to 100. At very large B, the polygons 
deform into a circle. 
I. INTRODUCTION 
Space structures are much more flexible than their terrestrial counterparts [1] for the following 
reasons. Firstly, in order to minimize transportation weight, the structural members axe made 
as thin and slender as possible. Secondly, the lack of gravitational pull allows designs of much 
lower rigidity than required by terrestrial standards. Thirdly, space structures in the foreseeable 
future are very large in size, measuring in kilometers. At the same time, space structures are 
often rotated, due to stability, thermal or artificial gravity requirements. This rotation induces 
centrifugal forces which deform the structural elements. Such deformations, whether large or 
small, may or may not be acceptable depending on the mission. 
Previous literature on the deformations due to the rotation of flexible space structures include 
thin rods [2,3] and rings [4,5]. In this paper we shall consider the rotation of a polygonal frame in 
its own plane. In particular we are interested in the stresses and the large deformations caused 
by centrifugal forces. 
2. FORMULATION 
Figure la shows a polygonal frame of N sides, each side consisting of an originally straight 
elastic rod of length I. The frame is rotated in its own plane about the center of gravity with 
angular velocity f/. The rods may be rigidly joined, or they may be hinged together. In the latter 
case the polygonal shape is maintained only by rotation. In the limit as N --+ vo the rigidly 
joined polygon becomes a circular elastic ring, and the hinged joint polygon becomes a circular 
chain. Under rotation both cases are stable to small disturbances. 
Let the origin of Cartesian axes (z', yl) be at the center of mass and the z'-axis pass through 
one of the joints at point A (Figure lb). Let s' be the arc length along the frame from that point. 
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51 
52 L.T. WATSON, C.-Y. WANG 
fe 
z' H" 
x- -" /  ~H ''--x' 
Y 
(a~) The rot/sting polygonal frame. (b.) The coordinate system. 
Figure 1. 
(c.) An elemcmtai length. 
Due to symmetry the angle between the joints 2~/N is constant for all rotation rates. Thus we 
need to consider only the segment from g = 0 to g - l/2. 
Let dg be an elemental length whose distance from the origin is d (Figure lc). The centrifugal 
force on this elemental segment is
dF = pds' f f  r', (1) 
whexe p is the m~ per unit length of the rods. Now due to symmetry, the force H' is normal to 
the zLaxis at point A. Thus the force components acting on the elemental length are 
Ss r 
F,  =/ ,  cos@dF, (2) 
#s 
= Jo sin @ dF - H', (3) 
where @ is the angle of the distance vector '. Let 0 be the local angle of inclination of dg. Then 
z' - r' cos @, ~/= r' sin @, (4) 
dz' dY~ -- sin 0. (5) ds---; = cos 0, ds I
A local moment balance on dg gives 
m + F U ds' cos 0 - m + dm+ F= ds' sin 0. (6) 
Furthermore, if the rods are slender enough, the local moment m is proportional to the local 
curvsture: 
dO 
,n = E1  -gj,, , (7)  
where E I  is the flexural rigidity. Equations (1)-(4), (6), (7) give 
Now normalize all lengths by t, all forces by E I / t  2 and drop primes. Equation (8) becomes 
d20 
ds 2 = Ycos0 - Xsin0, (9) 
I' I' Y = B yds - H, X = B zds,  (10) 
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where B -- p G~14/E I  is s governing nondimensional parameter signifying the relative impor- 
tance of centrifugal forces to flexural rigidity. It is more convenient to turn Equation (10) into 
differential form 
dY dX 
ds = B y, ds = B z.  (11) 
Equation (5) gives 
dz cos O, dy m = - -  = sin 0. (12) 
ds ds 
The boundary conditions are 
x(o) = a, y(O) = o, 
X(O) -- O, Y(O) - -H ,  
y(1/2)  -- z (1 /2 )  tan ~- ,  8(1/2)  -- ~ + , o"(1 /2)=o,  
(13) 
(14) 
(15) 
plus either 
if the rods are rigidly joined, or 
~ (10) 0(0)=~+~ 
0'(0)=0 (17) 
if the rods are hinged. There are eight boundary conditions for the sixth order equations (9), 
(11), (12) plus two unknowns a, H. 
3. SMALL DEFORMATION SOLUTIONS 
The parameter B is small in the cases of small density, low rotation rates, short lengths or high 
flexural rigidity. Thus for small B the deformations are also small and we can perturb about the 
case when each element is straight. Let 
¢(s) = Co(s) + B ¢1(,) + o(B2), (18) 
where ~ may be any of the dependent variables 0, X, Y, z, y or the unknowns H and a. The 
zeroth order solution is straightforward: 
Oo = ~ + ~,  (19) 
Y0 = x0 = o, (20) 
z0 = s cos + + ~ csc , (21) 
H0 = 0, a0 = ~csc . (23) 
Prom Equations (9), (11), (12) the first order equations are 
d201 
dXz = _ss in  (N)  + l csc  (N)  
ds 
ds 
dz l  = -01 cos -- -01 sin 
ds ' ds ' 
(24) 
(25) 
(28) 
(27) 
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with the boundary conditions 
plus either 
or 
Z l (0 )  "- a l ,  Y l (0)  --~ 0, 
,,(,p.) =, , ( , /2) ,= 
xl(0)=0, 
01(1/2)--0, 
oi(o)=o, 
Y1(0) = -HI ,  
~'(112) = 0 
0~(0) = 0. 
Without going into the detaiis the solution is 
(N) (  12  ~2 ) '  01 -" cot C O~-c 1 8-~- i -- S3 
1 1 . 
1 1 
(.0+ 
(2S) 
(29) 
H1 = -~ cot csc , a l  = 0, 
where for the rigidly joined case 
1 
co = 0, Cl = -2 -4 '  
and for the hinged case 
1 
co = -~,  c1 = O. 
(30) 
(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
(3s) 
The distance from the center of mass to a joint is 
a - ~ csc + O(B2). (41)  
The distance from the center of mass to the midpoint of an element is 
1 (2  Cl 1 )  r-~[(z(1/2))'+(y(1/2))'-~cot(~)-Bcot(~) + "8" ÷ 2-'56 + O(B'). (42) 
The norn~lized moment or curvature at the midpoint is 
@'(1/2)-cot (~) (cz + ~--~) B+,(B'). (43) 
4. NUMERICAL METHOD 
Numerical integration is necessary for large deformations orwhen B is not small. Define 
0) 
1 (40) 
The following values measure the extent of the deformation. The force occurring at the joints 
is 
(39)  
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and let z(s; v), y(s; v), X(s; v), Y(s; v), 0(s; v) be the solution of the initial value problem given 
by Equations (9), (11), (12), with initial conditions given by Equations (13), (14), (16) (or (17)), 
and (44). Note that the original two-point boundary value problem Equations (9), (11)-(17) is 
equivalent to solving the nonlinear system of equations 
y (½; v) - z (½; v) tan (7~) 
F(v) 1. , • = / =0.  
0" r~_;,,) / 
k2 
(45) 
(The case corresponding to the initial condition 0'(0) = 0 is handled similarly, using instead 
~,  = 0(0).) 
Algorithms for solving the nonlinear system (45) typically require partial derivatives aFdav j. 
Since F(v) is defined implicitly by the solution of a nonlinear ordinary differential equation, these 
partials cannot be found analytically. Finite difference approximations could be used, but for the 
same amount of work as a central difference, the partials can be calculated to the same accuracy 
as F(v). This is done as follows: let 
Oz Oy 
Z = z,y,X,Y,O,8', ~)vk' Ovl~ 
and consider the first order system 
Z~ = cos Zs, 
Z~ = sin Zs, 
Z~ = BZ1, 
Z~ - BZ2, 
Z~ = Z6, 
Z~ = Z4 cos Z6 - Z., sin Zs, 
z~ = -z11 sin zs, 
z~ = Z11coa Zs, 
Z~=BZ~, 
Z~o = BZs, 
ZL = Z12, 
_ ax  aY  a0 
' ~vk' avk' ark' ark) 
= cos Zs(ZI0 - ZsZn)  - sin Zs(Z9 + Z4Zn), 
(46) 
(47) 
with initial value 
7f 
By solving this system three times, for k = 1, 2, 3, all the partial derivatives aFi/avj can be 
calculated, with an accuracy determined by the accuracy of the numerical solution to the above 
initial value problem. 
The nonlinear system (45) is solved by a combination of quasi-Newton methods (as imple- 
mented in the software package MINPACK from Argonne National Laboratory [6]) and globally 
convergent homotopy methods (as implemented in HOMPACK [7]). The mathematical nd al- 
gorithmic details of these methods have been described extensively elsewhere [8--10], and so will 
not be repeated here. A good description of the combination approach, similar to that used here, 
to a fluid mechanics problem is in [11]. Very briefly, the strategy is to use the globally convergent 
and robust homotopy method to get a few solutions, and then use the inexpensive (but only 
locally convergent) quasi-Newton method to generate many solutions as B is slowly varied. 
For large N and large B the solution v changes very rapidly as a function of B ([[3v/aBIIoo > 
10s), making it very difficult and time-consuming to track the solutions as a function of B. 
Consequently we did not pursue the solutions beyond B = 400. 
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Figure 2. Distance from center of m~ to midpoint of a side, hinged case. Daahed 
lines are approxhnatior~s (42) or (49). 
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Figure 3. Distance from center of m~ to midpoint of a side, rigidly joined cue.  
Dashed lines are appro~im~tlons (42) or (49). 
5. RESULTS AND DISCUSSION 
For large N and/or large B, the frame approaches a circle. The asymptotic limits are 
N N 21r BN 2 0' (49) r - - *~,  a - - *~,  -~- ,  H-* 4~ 2 . 
If the parameters were normalized with the total length N l  instead of the side length t, the 
dependence on N would then be absent in Equation (49). 
Figure 2 shows, for the hinged case, the distance r from the center of maes to the midpoint of an 
element as a function of the rotation parameter B. The value of r increases from its nonmtating 
value of (1/2) cot(f /N) to its asymptotic value N/(27). Our approximate formulas for small and 
large B compare well with numerical results in their respective regions of validity. Notice that 
the approach to the asymptotic limit is much faster for larger N. Figure 3 shows the rigidly 
joined case. The rise in r is much slower due to the resistance of the joints. 
The maximum normalized bending moment occurs at the midpoint of each element. Fisu~es 4, 5 
show that the curvature changes in the hinged case are much faster than those in the ~ jo ined  
case. For low N, the rise is slower but the asymptotic values are larger. Figure fl shows the force 
at the joints, or hoop tension h. Our approximations are very close to the exact numerical remits. 
Figures 2-6 are useful for design purpmes. 
Figure 7 shows the deformation contlgurations for the hin~d, N = 3 cue. As the rotation 
parameter B is increased, the equilateral triangle bulges out due to centrifugal forces, Figure 8 
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Figure 4. MAc;mum normalized mommat, hinged case. D~ed lines are from Equ~ 
tions (43) or (49). 
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Figure 5. Ma~rmlm normalized moment, rigidly joined cue. Dashed llnm are from 
Equations (43) or (49). 
shows the rigidly joined case with much smaller deformations for the same B values. Figure 9 
shows the deformations of the hinged six-sided polygon. At B = 100 the shape is almost a circle. 
Figure 10 shows similarly the rigidly joined case. The moment at the comers is opposite but less 
in magnitude than the moment at the midpoints. 
Our results could also be applied to hollow polygonal cylinders rotating about their symmetry 
axis instead of polygonal frames constructed from rods. The only difference would be in the 
flexural rigidity gI .  
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Figure 6. N o ~  force at a joint, H. 
Dashed llne= are from Equations (40) or (49). 
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